Given a pair of distinct unitary cuspidal automorphic representations for GL(n) over a number field, let S denote the set of finite places at which the automorphic representations are unramified and their associated Hecke eigenvalues differ. In this Note, we demonstrate how conjectures on the automorphy of adjoint lifts and Rankin-Selberg products imply lower bounds on the size of S.
Introduction
Let π and π ′ be two distinct unitary cuspidal automorphic representations for GL(n)/F , where F is a number field. Define X = X(π, π ′ ) to be the set containing exactly the archimedean places and the finite places at which either π or π ′ is ramified. We then ask Question 1. What can be said about the size of the set S(π, π ′ ) := {v ∈ X | a v (π) = a v (π ′ )} ?
An answer to this was provided by Jacquet-Shalika [3] , who proved that if π ≃ π ′ , then S = S(π, π ′ ) is infinite. One expects a stronger bound on the size of S to hold -a conjecture of Ramakrishnan [10] states that given unitary cuspidal automorphic representations π and π ′ for GL(n)/F , if π ≃ π ′ , then δ(S) ≥ 1/2n 2 (where δ(S) represents the lower Dirichlet density of the set S). This bound is known to be a consequence of the Ramanujan conjecture. It is unconditional in the case of n = 2 [9] , but not known for any larger n. For every n, the conjectured bound would be sharp, given a family of examples of Serre [13] . In terms of progress towards this bound, a result of Rajan [8] states that if π ≃ π ′ then S has the property that the sum v∈S N v −2/(n 2 +1) , does not converge.
In GL(2), more is known. In addition to the conjecture of Ramakrishnan, a stronger (and sharp) bound of 3/4 holds [14] under the condition that neither of the automorphic representations correspond to an Artin representation of dihedral or tetrahedral type.
For GL(3), unconditional positive bounds are not known; however, based on a study of suitable finite group representations, one has the prediction that for π and π ′ that are not automorphically induced from characters, a bound of 5/7 should hold [7] .
N. WALJI
For GL(n) where n is greater than 2, there are much fewer cases of functoriality known, making unconditional progress difficult. This is in contrast to the situation for GL(2); for example, in 1978 Gelbart-Jacquet [2] proved that the adjoint lift from GL(2) to GL(3) (which is twist-equivalent to the symmetric square lift) is automorphic. Furthermore, a cuspidality criterion was obtained: the adjoint lift of π is cuspidal iff π is not automorphically induced from a Hecke character. Whilst the Langlands functoriality conjectures include the prediction that the adjoint lift from GL(n) to GL(n 2 − 1) is automorphic for any n > 2, this is far from known in general.
One can ask about the implications of assuming the automorphy, and cuspidality, of the adjoint lift with respect to obtaining bounds in response to question 1. Theorem 1.1. Let π and π ′ be distinct unitary cuspidal automorphic representations for GL(n)/F , and assume that the adjoint lifts of π and π ′ are automorphic. (b) In addition to the cuspidality assumption, if furthermore we assume that Adπ ≃ Adπ ′ , then
Remark 1. Note that 1/(3 + 2 √ 2) = 0.1715... . We also remark that these bounds are uniform in n. In Ramakrishnan's conjecture the bound tends to zero as n → ∞. The contrast with the uniform bound obtained here can be seen as a reflection of the strength of our assumptions in Theorem 1.1.
These bounds are not expected to be sharp. Certainly, in the case of GL(2) one knows that the optimal bounds are 1/4 and 2/5, respectively [14] . With regard to the automorphy of the adjoint lift, our assumption of only this one instance of functoriality imposes restrictions on how we can implement the method we use. If we also include assumptions about the automorphy and cuspidality of certain Rankin-Selberg products of the form GL(n) × GL(n), then we can obtain stronger bounds: Theorem 1.2. Let π and π ′ be distinct unitary cuspidal automorphic representations for GL(n)/F whose adjoint lifts, and the Rankin-Selberg products π ⊠ π ′ and π ⊠ π ′ , are all automorphic and furthermore cuspidal. If the adjoint lifts of π and π ′ are distinct, then
Remark 2. This bound is already known unconditionally when n = 2 [14] , in which case it is sharp. We do not expect the bound to be sharp for all n (see, for example, [7] ).
2. Proof of the theorems 2.1. Background. Given an automorphic representation π for GL(n) over a number field F , let X = X(π) be the set of archimedean places and places at which π is ramified. Then the incomplete L-function of π (with respect to X) is
where A v (π) is a conjugacy class in GL n (C) that can be represented by a diagonal matrix that we denote as diag(α 1 , α 2 , . . . , α n ). This L-function converges absolutely for Re(s) > 1. Now given a pair of unitary automorphic representations π and π ′ for GL(n) and GL(m), respectively, over some number field F , as before we let X = X(π, π ′ ) be the set of archimedean places and places where either π or π ′ is ramified. Then the incomplete Rankin-Selberg L-function (with respect to X) is,
which converges absolutely for Re(s) > 1. It has a simple pole at s = 1 if and only if π ′ is dual to π; otherwise it is invertible there. If there exists an automorphic representation Π for GL(nm)/F such that
then we say that the Rankin-Selberg lift of π and π ′ is automorphic, and we write Π = π ⊠ π ′ .
Automorphy is known in the case of GL(2) × GL(2) due to Ramakrishnan [11] , who also delineates a cuspidality criterion. Though we do not use explicit cuspidality criteria in this paper (and instead directly assume that certain Rankin-Selberg products are automorphic and cuspidal), for context we outline the criteria for the GL(2) × GL(2) case: If π and π ′ are cuspidal and neither is automorphically induced from GL(1), then π ⊠ π ′ is cuspidal iff π and π ′ are not twist-equivalent. If π is automorphically induced from a Hecke character χ for GL(1)/K, where K is a quadratic extension of F , then π ⊠ π ′ is cuspidal if and only if the base change π ′ K is cuspidal and distinct from π ′ K ⊗ (χ • τ )χ −1 , where τ is the non-trivial element of Gal(K/F ).
Automorphy of the Rankin-Selberg product is also known in the case GL(2) × GL(3), due to Kim-Shahidi [4] , and with a cuspidality criterion proved in [12] . Given π for GL(2)/F and π ′ for GL(3)/F , π ⊠ π ′ is cuspidal unless: π is not dihedral and its adjoint lift is twist-equivalent to π ′ , or π is dihedral and π ′ is the automorphic induction of a Hecke character over a non-Galois cubic extension L and π ′ L is Eisensteinian. Given automorphic representations π 1 , . . . , π 4 for GL(n 1 ), . . . , GL(n 4 ) (respectively) over F , we can define the analogous incomplete quadruple product Lfunction
where X = X(π 1 , π 2 , π 3 , π 4 ) is the set of archimedean places and places at which at least one of the automorphic representations is ramified. This converges absolutely in some right-half plane.
We describe the construction of an adjoint L-function via the use of a Rankin-Selberg L-function:
where A v (π, Ad) ∈ GL n 2 −1 (C) can be represented by a diagonal matrix with eigenvalues α i /α j , for all i, j with i = j, and 1 (n − 1 times). If there exists an automorphic representation Π for GL(n 2 − 1) whose incomplete L-function (with respect to X) coincides with L X (s, π, Ad), then we say that the adjoint lift of π is automorphic, and we write Π = Adπ. This is known for n = 2 by Gelbart-Jacquet [2] , where Adπ was shown to be cuspidal if and only if π is not an automorphic induction of a Hecke character. For n > 2, the conjecture that the adjoint lift of π is automorphic is wide open.
2.2.
Proof of Theorem 1.1. For the remainder of Section 2, we assume that the adjoint lift of a unitary cuspidal automorphic representation for GL(n)/F is automorphic.
Given the Clebsch-Gordon decompositions of tensor powers of representations, we have the identity L X (s, Adπ × Adπ)L X (s, Adπ) 2 ζ X (s) = L X (s, π × π × π × π),
If we furthermore assume that the adjoint lift is cuspidal, then as it is self-dual we see that L X (s, Adπ × Adπ) has a simple pole at s = 1. Since L X (s, Adπ) is invertible at s = 1, we know that the incomplete quadruple product L-function L X (s, π × π × π × π) has a pole of order two at s = 1. The same holds for L X (s, π ′ × π ′ × π ′ × π ′ ).
The second identity that we make use of is
If the adjoint lifts for π and π ′ are equal, we have that L X (s, Adπ ×Adπ ′ ) has a simple pole at s = 1. Combined with the fact that both L X (s, Adπ) and L X (s, Adπ ′ ) are invertible at s = 1, we would conclude that L X (s, π × π × π ′ × π ′ ) has a pole of order two at s = 1. On the other hand, if the adjoint lifts for π and π ′ are not equal, then L X (s, Adπ × Adπ ′ ) is invertible at s = 1, and so L X (s, π × π × π ′ × π ′ ) has a pole of order one at s = 1.
So L X (s, π × π × π ′ × π ′ ) has a pole of order one or two at s = 1.
We recall the bounds towards the Ramanujan conjecture for a cuspidal automorphic representation π for GL(n)/F due to Luo-Rudnick-Sarnak [6] : every Satake parameter α for π at a finite place v satisfies the bound |α| ≤ N v 1/2−(n 2 +1) −1 . Applying these bounds in conjunction with the positivity of certain series coefficients,
Let c(v), for v ∈ S, be an indicator function that takes the value 1 when a v (π) = a v (π ′ ), and 0 otherwise. Consider the following inequality (obtained via multiple
and since for any two complex numbers a, b we haveā
We recall the following identities, where f (x) and g(x) are assumed to be nonnegative functions
). We divide inequality (2.3) by log (1/(s − 1)), use the identities above for t = 1, and apply equations (2.1) and (2.2) to get
where we recall that δ(S) = δ(S(π, π ′ )) is the lower Dirichlet density of the set of places at which a v (π) = a v (π ′ ). We obtain
proving part (a) of the theorem.
For part (b) of the theorem, since we assume that the adjoint lifts are distinct, L X (s, Adπ×Adπ ′ ) is invertible at s = 1. We adjust the proof of part (a) accordingly to then get
which finishes the proof of Theorem 1.1.
2.3.
Proof of Theorem 1.2. We provide a sketch of the proof of Theorem 1.2. This follows the structure of [14] (which only concerned the GL(2) case), but with the difference that we can no longer rely on the automorphy (and cuspidality criteria) of the symmetric square, cube, and quartic powers (which are known for GL(2)), and instead make use of our assumptions about adjoint lifts and certain Rankin-Selberg products. We assume, as indicated in the conditions of Theorem 1.2, that the adjoint lifts of π and π ′ are cuspidal and distinct, and that the Rankin-Selberg products π ⊠ π ′ and π ⊠ π ′ are automorphic and cuspidal.
Given the identity L X (s, (π ⊠ π) × (π ⊠ π ′ )) = L X (s, Adπ × (π ⊠ π ′ ))L X (s, (π ⊠ π ′ )), we note that the second L-function is invertible at s = 1 (since it is of the form GL(n 2 − 1) × GL(n 2 ) where both components have been assumed to be cuspidal) and the same holds for the third L-function. Therefore the L-function on the lefthand side is also invertible at s = 1. The Luo-Rudnick-Sarnak bounds towards the Ramanujan conjecture then imply v ∈X a v (π) 2 a v (π)a v (π ′ ) N v s = O (1) as s → 1 + . Similarly, the L-functions L X (s, (π ⊠ π) × ( π ⊠ π ′ )), L X (s, (π ⊠ π ′ ) × ( π ′ ⊠ π ′ )) and L X (s, ( π ⊠ π ′ ) × (π ′ ⊠ π ′ )) are all invertible at s = 1, and we draw the analogous conclusions about the associated Dirichlet series. The L-function L X (s, ( π ⊠ π ′ ) × ( π ⊠ π ′ )) has a simple pole at s = 1 if ( π ⊠ π ′ ) is self-dual, otherwise it is invertible there. We conclude that v ∈X
as s → 1 + . We will also use this result in the case of the complex conjugate of the series. We apply the results from this subsection, along with the equations 2.1 and 2.2 from the proof of Theorem 1.1, to the inequality
where, as before, c(v) is equal to one if a v (π) = a v (π ′ ), and zero otherwise. We then obtain δ(S) ≤ 2/5, proving Theorem 1.2.
